Abstract. Here we consider degenerations of stable spin structures when a smoothing of a non stable curve is fixed. We are able to give enumerative results and a geometric description of spin structures over non stable curves using twisted spin curves.
Introduction
The problem of constructing a compactification for the Picard scheme (or generalized Jacobian) of a singular algebraic curve has been studied by several authors. More generally, the same problem can be considered for families of curves.
Several constructions have been carried out since Igusa's work [I] , which gave a construction for nodal and irreducible curves. Constructions are known for families of geometrically integral curves, by Altman and Kleiman [AK] , and geometrically connected, possibly reducible, nodal curves, by Oda and Seshadri [OS] .
A common approach to the problem is the use of the Geometric Invariant Theory (GIT). We recall in particular Caporaso's [C1] and Pandharipande's [P] modular compactifications of the universal Picard variety over the moduli space of Deligne-Mumford stable curves.
A different method was employed by Esteves [Es] to produce a compactification (admitting also a universal object after anétale base change) for a family of geometrically reduced and connected curves.
On the other hand one may be interested in distinguished subschemes of the Picard scheme.
In [Co] Cornalba constructed a geometrically meaningful compactification S g of the moduli space of theta characteristics of smooth curves of genus g. S g is well-known as moduli space of stable spin curves and is endowed with a natural finite morphism ϕ : S g −→ M g onto the moduli space of Deligne-Mumford stable curves.
As one can expect, the degree of ϕ is 2 2g and S g is a disjoint union of two irreducible components, S + g and S − g whose restrictions over M g parametrize respectively even and odd theta characteristics on smooth curves. In particular the degree of the restriction of ϕ to S − g is N g := 2 g−1 (2 g − 1). The fibers of ϕ over singular curves parametrize "generalized theta-characteristics" or stable spin curves. [CC] provides an explicit combinatorial description of the boundary, parametrizing certain line bundles on quasistable curves having degree 1 on exceptional components (that is rational components intersecting the rest of the curve in exactly 2 points).
More recently, in [CCC] the authors generalize the construction compactifying in the same spirit the moduli space of pairs (C, L), C a smooth curve and L a r-th root of a fixed line bundle N ∈ Pic C.
In this paper we deal with families of line bundles, sometimes under the following set of assumptions (1) we consider one-parameter projective families of local complete intersection (l.c.i.) canonical curves which are connected, Gorenstein and reduced (2) we require that a singular curve is irreducible with at most nodal, cuspidal and tacnodal singularities (3) we consider compactifications of families of odd theta characteristics on the smooth fibers of a family as in (1).
The above assumptions allow us to find rather explicit results. In particular we are able to give a geometric description of degenerations of odd theta characteristics. Our method is very close in spirit to the well-known Stable Reduction Theorem for curves and gives the possibility to reduce ourselves to results on Deligne-Mumford stable curves.
Loosely speaking this approach can be viewed as a "Stable Reduction for polarized curves".
Below we shall give more details. We say that a one-parameter family f : W → B with B a smooth curve is a smoothing of a curve W if its general fiber is smooth and the fiber over a special point 0 ∈ B is W. Let f : W → B be a smoothing of a singular curve W. Assume that f satisfies (1). Set B * := B − 0 and consider the restricted family W * → B * . It is well-known that there exists a curve S − ω * f finite over B * whose points parametrize odd theta characteristics of the smooth fibers of W → B.
Some natural questions arise (i) how can one get a compactification of S − ω * f (over B) reflecting the geometry of W ? (ii) are the corresponding boundary points independent of the chosen family f : W → B? (iii) if the answers to (i) and (ii) is positive, can we give a geometric description of the boundary points?
It is well-known that a smooth curve C of genus g has exactly N g odd theta characteristics (see the above definition of N g ). If C is general, any such line bundle L satisfies h 0 (C, L) = 1 and hence the canonical model of C admits exactly one hyperplane H L cutting the double of the effective divisor associated to the non-zero section of L.
In this case we say that C is theta generic and that H L is a theta hyperplane of C. Therefore if we collect the theta hyperplanes of a theta generic curve C, we get a configuration θ(C) which is a point of Sym
Ng (P g−1 ) ∨ .
Let H g be the irreducible component of the Hilbert scheme Hilb p(x) [P g−1 ] of curves in P g−1 having Hilbert polynomial p(x) = (2g − 2)x − g + 1 and parametrizing smooth canonical curves. We get a rational map θ : H g − − > Sym Ng (P g−1 )
∨ defined at least over the set of smooth theta generic canonical curves. If the smooth fibers of f : W → B are theta generic, the family of theta hyperplanes associated to W * → B * is isomorphic to S − ω * f and its projective closure provides a natural compactification, answering (i).
In this way we can also consider "limit theta hyperplanes" on singular canonical curves arising from smoothings to theta generic curves. We say that a singular curve is theta generic if it admits a finite number of theta hyperplanes.
Theorem 1 answers question (ii) positively for some theta generic canonical curves or l.c.i. curves.
Theorem 1.
• Let W be a theta generic canonical curve parameterized by a smooth point of H g . There exists a unique natural configuration of theta hyperplanes θ(W ) such that, when W is smooth, θ(W ) is the ordinary configuration of theta hyperplanes.
• Let W be a canonical l.c.i. curve parametrized by h ∈ H g . Then H g is smooth at h.
• Fix non negative integers τ, γ, δ. If W is a general irreducible canonical l.c.i. curve with τ tacnodes, γ cusps and δ nodes, then it is theta generic.
See Lemma 6.1, Proposition 6.2 and Theorem 7.6.
We are able to give an explicit description of θ(W ) as follows. If W is an irreducible canonical l.c.i. curve with tacnodes, cusps and nodes, we denote by t j ikh for j ≤ i, the number (when it is finite) of theta hyperplanes of W containing i tacnodes and j tacnodal tangents of these i tacnodes, k cusps and h nodes. We call such a hyperplane a theta hyperplane of type (i, j, k, h). We get the following Theorem, extending known results from [C2] .
Theorem 2. Let g be a positive integer with g ≥ 3. Fix non negative integers τ, γ, δ. Let W be a general irreducible canonical l.c.i. curve with τ tacnodes, γ cusps and δ nodes. Letg be the genus of the normalization of W. If i = j and h = δ
See Theorem 7.6.
Notice that if W is singular, then θ(W ) contains multiple hyperplanes. We are able to find the multiplicity of a limit theta hyperplane as a multiplicative function of the singularities of W as stated in the following Theorem 3. Let W be a curve as in Theorem 2. The multiplicity of a theta hyperplane of type (i, j, k) is 4 i−j 6 j 3 k .
See Theorem 8.7, Theorem 8.8 and Theorem 8.9.
The techniques used to prove Theorem 3 also lead to answer question (iii) above. We explain the main idea, starting with an example. Consider a projective irreducible canonical curve W having exactly one cusp. Consider a general projective smoothing W → B of W. Modulo a base change we can assume that it admits a stable reduction over B which we denote by f : C → B. The central fiber C of C is reducible. There exists a morphism from C to W given by N = ω f (D), a twist of the relative dualizing sheaf ω f by a non-trivial Cartier divisor D of C supported on irreducible components of C. This morphism encodes the stable reduction of the polarized curve (W, O W (1) ). This suggests a geometrically meaningful connection between limit theta characteristics on W and square roots of the restriction of N to the central fiber. A natural setup is provided by Caporaso's modular compactification P g−1,g of the universal Picard variety P g−1,g = {(X, L) : X smooth genus g curve, L line bundle on X of degree g − 1}/iso.
Recall that P g−1,g was constructed via GIT as a quotient of a subset H g−1 of a suitable Hilbert scheme. In [F] , Fontanari showed that there exists a natural morphism χ : S g −→ P g−1,g .
The Hilbert points of H g−1 parametrizing stable spin curves have a closed orbit (in the set of GIT-semistable points) and this yields the set-theoretic description of χ.
CallŜ g the image of χ. In [CCC] the authors show thatŜ g parametrizes not only stable spin curves (i.e. limit square roots of the dualizing sheaf of a stable curve) but also "extra line bundles," which we shall call twisted spin curves. The twisted spin curves are square roots of suitable twists of the dualizing sheaf of quasistable curves (see Definition 3.6). Recall that P g−1,g is not a geometric quotient. The Hilbert point of H g−1 parametrizing a twisted spin curves is identified inŜ g with some stable spin curve.
Our key technical part is the comparison of curves of stable spin curves within S g , curves of twisted spin curves withinŜ g and curves of theta hyperplanes, allowing us to give the following geometric interpretation of our compactification.
• Let W be as in Theorem 2 and fix a general projective smoothing of W. Then the hyperplanes of θ(W ) correspond to suitable twisted spin curves of the curve which is the stable reduction of the fixed general smoothing of W.
See Theorem 9.5.
The paper is organized as follows.
In Section 1 we shall recall how to get semicanonical line bundles on singular curves. In Section 2 we shall recall basic facts of the construction of moduli spaces of square roots of line bundles on nodal curves and in Section 2.1 we shall prove a property of one-dimensional subvarieties of Cornalba's moduli space of stable spin curves.
In Section 3 we shall recall Caporaso's compactification of the universal Picard variety and we will introduce the notion of twisted spin curve of a quasistable curve.
In Section 4 we shall prove an interesting property of equivalence classes of line bundle, providing a key tool in the proof of the above Theorem 3.
In Section 5 we shall introduce the projective setup of theta hyperplanes and our compactification of the above variety S
In Section 6 we will see how to get a well-defined configuration of theta hyperplanes on a singular curve.
In Section 7 and Section 8 we shall give enumerative results of configurations on tacnodal, cuspidal and nodal curves. In particular we shall describe the zero dimensional scheme associated to these configurations.
In Section 9 we shall give a modular interpretation of our compactification containing a description of degenerations of odd theta characteristics for smoothing of tacnodal or cuspidal curves.
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Notations and Terminology.
(1) We work over the field of complex numbers. By a curve we will always mean a connected projective curve which is Gorenstein and reduced. If W is a curve, we shall denote by ω W its dualizing sheaf. The (arithmetic) genus of a curve is
(2) Let W be a curve. We shall denote by W sm the set of smooth points of W and by W sg the set of its singular points. If Z ⊂ W is a subcurve, we shall denote by Z c the complementary curve Z c := W − Z.
(3) A family of curves is a proper and flat morphism f : W → B whose fibers are curves. By a projective family of curves we will mean a family
where f is the first projection. The fiber of a family f : W → B over the point b ∈ B will be denoted by W b . A smoothing of a curve W is a family f : W → B where B is a smooth, connected, affine curve of finite type with a distinguished point 0 ∈ B such that the fiber over 0 is isomorphic to W and smooth general fiber over b ∈ B − 0.
A general smoothing is a smoothing with smooth total space.
(4) The dual graph Γ X of a nodal curve X is the graph having the irreducible components of X as vertices and where an edge connects two vertices if and only if the corresponding components meet in a node.
(5) A stable curve C is a nodal curve such that every smooth rational component of C meets the rest of the curve in at least three points. A semistable curve is a nodal curve such that every smooth rational component meets the rest of the curve in at least two points. Every smooth rational component of a semistable curve meeting its complementary curve in exactly two points is called destabilizing.
(6) By a l.c.i. curve we will mean a curve which is a local complete intersection. By a curve with cusps or tacnodes we will always mean a curve on a smooth surface and whose singularities are double singularities of curves of type A 2 or A 3 .
Notice that a curve with cusps and tacnodes is l.c.i..
(7) We say that a nodal curve X is obtained from C by blowing-up a subset ∆ of the set of the nodes of C if there exists a morphism π : X → C such that for every n i ∈ ∆, π −1 (n i ) = E i ≃ P 1 and π : X − ∪ i E i → C − ∆ is an isomorphism. For every n i ∈ ∆ we call E i an exceptional component and E i ∩ X − E i exceptional nodes of X.
A quasistable curve is a semistable curve obtained by blowing-up a stable curve. A family of nodal curves X → B is said to be a blow-up of a family C → B if there exists a B−morphism π : X → C such that for every b ∈ B the restriction π| X b :
(8) If 0 is a distinguished point of a 1−dimensional scheme B, we shall denote by B * := B − 0. In this case if f : C → B is a family of stable curves over B, we shall denote by C * the restriction of C over B * . Similarly if N ∈ Pic C we denote by N * := N | C * .
(9) If X is a quasistable curve, we setX := X − ∪E where E runs over the set of the exceptional components of X. We denote by Σ X the graph having the connected components ofX as vertices and the exceptional components of X as edges.
(10) Let X = ∪ 1≤i≤γ X i be the decomposition of a semistable curve into its irreducible components. If Z is any subcurve of X, we denote by g Z its arithmetic genus and by
is a line bundle, we denote by deg L the multidegree of L, which is the string of integers
(11) For any graph Γ and commutative group G, we denote by C 0 (Γ, G) and C 1 (Γ, G) the groups of formal linear combinations respectively of vertices and edges of Γ with coefficients in G. When we fix an orientation for Γ, then C 0 (Γ, G) → C 1 (Γ, G) denotes the usual coboundary operator. We denote by µ 2 = {1, −1} the multiplicative group of square roots of 1.
(12) We will denote by H g the irreducible component of the Hilbert scheme Hilb p(x) [P g−1 ] of curves in P g−1 having Hilbert polynomial p(x) = (2g − 2)x − g + 1 and containing smooth canonical curves.
We denote by u : U → H g the universal family over H g . For a given h ∈ H g we write W h for the projective curve u −1 (h) represented by h.
(13) We set N g := 2 g−1 (2 g − 1) and N
, respectively the numbers of odd and even theta characteristics of a smooth curve of genus g (recall that odd and even refers to the parity of the number of sections of the line bundle).
The spin gluing data
In [Ha2] one can find a description of line bundles which are square roots of the dualizing sheaf of a curve, well-known also as semicanonical line bundles (recall that a curve is always Gorenstein and reduced). Here we recall some basic results. Let W be a curves with double points. Consider its normalization ν : W ν → W and the standard exact sequence 0 → O * W → ν * O * W ν → F → 0 where F is a torsion sheaf supported on the singularities of W.
Passing in cohomology we get Fix N ∈ Pic W divisible by 2 and set
Assume that W has nodal singularities. In this case we have
where b 1 (W ) is a positive integer. It is easy to see that S(N ) is not empty. In fact by the hypothesis on the divisibility there
We see that the set of line bundles of S(N ) pulling-back to L is parametrized by the µ 2 −module
b1 (W ) of the square roots of unity which we shall call the module of the spin gluing data of W.
From now on L will be a fixed line bundle in S(N ). Let n 1 , . . . , n δ be the nodes of W. The given line bundle ν * L yields identifications between the fibers over the nodes
All the line bundles in S(N ) whose pullback is ν * L are obtained by choosing for each n k either the identification ψ k or the identification −ψ k . Consider the free µ 2 −module µ δ 2 generated by d n k := (1, . . . , −1 k , . . . , 1) for k = 1, . . . , δ.
We get an exact sequence
where
Below we shall give a geometric description of the sequence (1) which implies in particular the well-know result that 
by fiber multiplication in L| Z by −1 and hence d Z ∈ Kerβ for every subcurve Z ⊂ W.
Wi = id and hence τ | Wi is either the identity or the fiber multiplication by −1.
Hence the elements of kerβ are only of type d Z for Z running over the subcurves of W.
We want to show that Kerβ is generated by the γ elements d Wi , 1 ≤ i ≤ γ (recall that W 1 , . . . , W γ are the irreducible components of W ). In fact for every subcurve Z ⊂ W (obviously d 2 n = 1 for every n ∈ {n 1 , . . . , n δ })
We show that a minimal set of generators of kerβ is given by d W1 , . . . , d Wγ−1 . In fact
Moreover for every {i 1 , . . . , i R } ⊆ {1, . . . , γ − 1} it is easy to see that if
In the last part of this Section we shall recall some results on S(N ), when N = ω W . In this case a natural partition of this set is given by
It is well-known that if W is smooth of genus g, then S − (W ) and S + (W ) have respectively cardinality N g = 2 g−1 (2 g − 1) and
. In the singular case we have Proposition 1.1. Let W be an irreducible curve with τ tacnodes, γ cusps and δ nodes. Letg be the genus of its normalization.
•
Proof. See [Ha2, Corollary 2.7, Corollary 2.8].
Recall that if t is a tacnode (respectively c is a cusp) of a curve W and if W ν is the normalization of W at t (respectively at c) with 
Proof. See the proof of [Ha2, Theorem 2.22] .
Moduli of roots of line bundles of curves
In the recent paper [CCC] the authors focused on the compactification of the moduli space of roots of line bundles on smooth curves in the spirit of the paper [Co] . Here we recall known facts froma the construction of [CCC] in the case of square roots.
Let C be a nodal curve and N ∈ Pic(C) be a line bundle on C divisible by 2.
Definition 2.1. Consider a triple (X, L, α) where π : X → C is a blow-up of the nodal curve C, L is a line bundle on X and α is a homomorphism α : L ⊗2 → π * (N ). The triple is said to be a limit square root of (C, N ) if the following properties are satisfied
• the restriction of L to every exceptional component of X has degree 1;
• the map α is an isomorphism at the points of X not belonging to an exceptional component;
• for every exceptional component E i of X such that E i ∩ E c i = {p i , q i } the orders of vanishing of α at p i and q i add up to 2.
If C is stable and N = ω C , a triple (X, L, α) as above is said to be a stable spin curve.
Notice that a pair (C, L) where C is a smooth curve and L a theta characteristic of C is a stable spin curve.
A similar definition can be given for families C → B of nodal curves. Definition 2.2. If N ∈ Pic C is a line bundle of even relative degree, a limit square root (X , L, α) of (C, N ) is the datum of a blow-up π : X → C of C, a line bundle L ∈ Pic X and a homomorphism α :
Definition 2.3. An isomorphism of limit square roots of (C,
For a given limit square root (X → B, L, α) of (C, N ) we denote by Aut(X → B, L, α) the group of its automorphisms. Moreover we denote by Aut C (X ) the group of automorphisms of X over C, the so-called inessential automorphisms. Notice that Aut(X , L, α) maps to Aut C (X ).
When no confusion may arise we shall abuse notation denoting by ξ = (X, L, α) both a limit square root and its isomorphism class.
Recall the definition of the graph Σ X in Notations-Terminology (4). The description of the isomorphisms of a limit square root is given by the following Lemma.
Lemma 2.4. Let ξ = (X, L, α) be a limit square root of (C, N ) and fix an orientation of the graph
The natural homomorphism Aut(ξ) → Aut C (X) corresponds to the composition of the coboundary map
If the restrictions of L and L ′ toX are equal, then ξ and ξ ′ are isomorphic.
The first isomorphism is clear. In fact let E 1 , . . . , E m be the exceptional components of X and set E i ∩ E c i = {0, ∞}. Then any inessential automorphism in Aut C (X) acts on each E i as multiplication by a non-zero constant and conversely any m−tuple of non-zero constants yields an inessential automorphism in Aut C (X).
For the other statements see [CCC, Lemma 2.3.2.] and [Co, Lemma 2.1].
There exists a moduli space parametrizing isomorphism classes of limit square roots of a line bundle on the total space of a given family of nodal curves. In the sequel f : C → B will be a fixed family of nodal curves and N ∈ Pic(C) a line bundle of even relative degree. For a given B−scheme P consider the fiber product
and the contravariant functor
associating to a B−scheme P the set S f (N )(P ) of all limit square roots of p * N modulo isomorphisms of limit square roots.
Theorem 2.5. Let f : C → B be a family of nodal curves over a quasi-projective scheme B. Let N be a line bundle on C of even relative degree. The functor S f (N ) is coarsely represented by a quasi-projective scheme S f (N ), finite over B. If B is projective, then S f (N ) is projective.
Below we shall recall the local structure of S f (N ). We shall widely use this construction in the sequel. We refer to [CCC, Theorem 2.4.1.] for details and proofs.
Fix a stable fiber C of f : C → B and a limit square root ξ = (X, L, α) of (C, N | C ). Let E 1 , . . . , E m be the exceptional components of X and n 1 , . . . , n m the corresponding nodes of C. First of all the base of the universal deformation U ξ of ξ is obtained as follows. Let D C be the base of the universal deformation of C, where D C is the unit polydisc in C 3g−3 . We can write 
. . , s 3g−3 ) sending D s to D t and (up to restrict B) the modular morphism B → D C induced by the family f. The base U ξ of the universal deformation of ξ is the fiber product
In order to complete the local description of S f (N ) we recall how Aut(ξ) acts on U ξ . This is given by the following Lemma. If W → Z is a morphism of schemes, then Aut Z (W ) denotes the group of automorphism of W over Z.
In fact observe that the automorphisms of D ξ over D C are the automorphisms of D s over D t and hence they are generated by [CCC, Lemma 3.3.1.] ). The universal property of the fiber product implies the second statement of the Lemma.
It follows from Lemma 2.4 and Lemma 2.6 that we can write the coboundary operator as
and Aut(ξ) acts on U ξ via this homomorphism. The local picture of S f (N ) at ξ is given by a map
In the sequel we shall denote by S C (N ) the zero dimensional scheme S fC (N ), where f C : C → {pt} is the trivial family. Obviously the fiber of
Below we recall the structure of the zero dimensional scheme S C (N ), where C is a stable curve and N ∈ Pic(C) is a fixed line bundle of even degree.
Let π : X → C be a blow-up of C.
Definition 2.7. The graph A X associated to X is the subgraph of the dual graph Γ C of C corresponding to the set of nodes of C which are blown-up by π.
A necessary and sufficient condition for a subgraph A of Γ C to be the graph associated to a blow-up of C which is the support of some limit square root of (C, N ) is
Then the number of edges of A containing v j is congruent to deg Cj (N ) modulo 2.
We shall call admissible a subgraph of Γ C satisfying (A). One can see that there are 2
For example if N = ω C , then Γ C is always admissible. Let A X be an admissible subgraph of Γ C . Denote by E 1 , . . . , E m the exceptional components of X and by
ν is the genus of the normalization C ν of C, then there are 2
In fact we have 2 2g ν choices for the pull-back ofL to C ν and 2 b1(ΓC −AX ) gluings at nodes ofC. If we glueL to O Ei (1) for i = 1, . . . , m (regardless of the gluing data, producing isomorphic limit square roots as explained in Lemma 2.4), we get a limit square root of (C, N ).
• Fact: the geometric multiplicity of the point ξ = (X, G, α) of the zero dimensional scheme
For a proof, see [CCC] . Notice that a limit square root supported on a quasistable curve X has geometric multiplicity 1 if and only if b 1 (Σ X ) = 0. In particular this is true if X is either a stable curve or of compact type (i.e. its dual graph is a tree).
Example 2.8. Consider a curve C of genus g whose dual graph Γ C is shown below.
Since b 1 (Γ C ) = 0, there is only one blow-up X → C of C such that A X is admissible. More precisely the edge of Γ C connecting C 0 to C j appears in A X if and only if deg Cj (ω C ⊗ T ) ≡ 1 (2). Let C 1 , . . . , C d be the components satisfying the last condition. Set n j := C 0 ∩ C j . Then a limit square root of ω C ⊗ T is given by gluing a square root of
. . , N and O E (1) for every exceptional component E of X (note that there is just one gluing datum because X is of compact type). Since X is of compact type, then S C (N ) is reduced.
Example 2.9. Consider a curve C of genus g whose dual graph Γ C is as shown below.
Let X → C be a blow-up of C. It is easy to see that A X is admissible if and only if for j = 1, . . . , N either both the edges connecting C 0 to C j appear in A X or none of these edges appears. Notice that b 1 (Γ C ) = N, hence there are 2 N admissible subgraphs of Γ C . Pick an admissible subgraph A X of Γ C and set {n j1 , n j2 } := C 0 ∩ C j . Assume that n j1 , n j2 for j = 1, . . . , d are the nodes which are blown-up to get X.
Glue a square root of
and O E (1) for every exceptional component E of X (regardless of the gluing data, see Lemma 2.4 (iii)).
Since
2.1. The moduli space of stable spin curves. Consider Cornalba's compactification S g of the moduli space of theta characteristics on smooth curves. S g parametrizes isomorphism classes of stable spin curves. In Proposition 2.10 we shall see an unexpected phenomenon of one-dimensional subvarieties of S g .
If C is a stable curve without non-trivial automorphisms, then the fiber of ϕ over the point of M g parametrizing the isomorphism class of C is exactly S C (ω C ). If C is a stable curve without non-trivial automorphisms, then the local description of S g at a stable spin curve of C is given by (2) below Lemma 2.6 where we put B = D C .
If C has two irreducible components and ξ = (X, G, α) is a stable spin curve of C such thatX is connected, it is easy to see that Aut(ξ) acts trivially on U ξ . Hence ξ is a smooth point of S g and the general curve of S g passing through ξ is smooth at ξ. We show that this is no longer true for subcurves of S g obtained by pulling-back (via ϕ :
Proposition 2.10. Let C be a stable curve without non-trivial automorphisms and with two smooth irreducible components. Let x be the point of M g parametrizing the isomorphism class of C. Consider the morphism ϕ : S g → M g and a general curve B of M g containing x.
Then the curve ϕ −1 (B) of S g is singular at a point ξ = (X, G, α) of ϕ −1 (x) such that X is the blow-up of C at least at two nodes andX is connected.
Proof. The problem is local, hence we may assume that B ⊂ D C (recall that D C is the base of the universal deformation of C). Let t 1 , . . . , t 3g−3 be the coordinates of D C . If n 1 , . . . , n δ are the nodes of C, assume that {t i = 0} is the locus where the node n i persists for i = 1, . . . , δ. Since B is general, the implicit function theorem allows us to describe B as
where h j are analytic functions such that h j (0) ∈ C * . Let ξ = (X, G, α) be a stable spin curve of C such that X → C is the blow-up of C at the nodes n 1 , . . . , n m of C with 1 < m < δ. If we consider (see the discussion below Theorem 2.5)
the base of the universal deformation of ξ is U ξ = ρ −1 (B) and is given by
Let Γ C be the dual graph of C. We find how Aut(ξ) acts on U ξ . Since 1 < m < δ, then A X has exactly one vertex and the image of the coboundary operator
Hence Aut(ξ) acts trivially on U ξ and the local picture of ϕ −1 (B) at ξ is given by U ξ (see (2) below Lemma 2.6) which is singular at the origin.
The universal Picard variety
In [C2] L. Caporaso, using Geometric Invariant Theory, constructed a modular compactification
In this Section we recall some basic facts about the geometry of P d,g , stressing some properties which we shall use in the sequel. The boundary points of P d,g correspond to certain line bundles on quasistable curves having degree 1 on exceptional components and this is the main analogy between P d,g and the notion of limit square roots of the previous Section. 
is a modular compactification of the universal Picard variety P ic d,g , that is its points have a geometrically meaningful description, which we shall briefly recall below.
Definition 3.1. Let X be a quasistable curve and L ∈ Pic(X) be a line bundle of degree d. We say that the multidegree deg L is balanced if
• deg E L = 1 for every exceptional component E of X • the multidegree degL satisfies the Basic Inequality, that is for every subcurve
The following notion of twisters of a nodal curve is introduced in order to control the nonseparatedness of the Picard functor.
Definition 3.2. Let X be a nodal curve and fix a smoothing f : X → B of X. A line bundle T ∈ Pic(X) is said to be a f −twister of X or simply a twister of X if
where D is a Cartier divisor of X supported on irreducible components of X. We shall denote by T w f (X) the set of all the f −twisters of X. When no confusion may arise we shall use also the suggestive notation O f (D) for an f −twister of X.
Definition 3.3. Consider two balanced line bundles L ′ ∈ Pic X ′ and L ′′ ∈ Pic X ′′ , where X ′ and X ′′ are quasistable curves. We say that L ′ and L ′′ are equivalent if there exists a semistable curve X obtained by a finite sequence of blow-ups both of X ′ and of X ′′ , and a twister There exists a natural injective morphism (see [CCC, 
Let us denote byŜ g the closure of the image of S g in P g−1,g . We can view χ as a natural birational map between S g andŜ g .
The modular property ofŜ g is explicit and is given by the following Theorem 3.5. The points ofŜ g are in bijection with equivalence classes of balanced line bundles L ∈ Pic(X) where X is a quasistable curve of genus g such that for a twister T of X we have
Definition 3.6. Let T ∈ Pic(X) be a twister of a quasistable curve X. We say that T is an admissible twister of X if the multidegree
Notice that (X, L, α) is a limit square root of (X, ω X ⊗ T ). In the sequel, when we shall see a twisted spin curve as limit square root, we omit the given isomorphism α if no confusion may arise. A stable spin curve supported on a stable curve is a 0−twisted spin curve.
The equivalence class of a line bundle
In [F] Fontanari showed that the morphism χ of (3) extends to a natural bijective morphism
Its set-theoretic description is as follows. A stable spin curve ξ is represented in H g−1 by a GITsemistable point whose orbit is closed (in H g−1 ). χ(ξ) is the image via the quotient morphism q : H g−1 → P g−1,g of the closed orbit of the Hilbert point in H g−1 representing ξ.
It is well-known that (d − g + 1, 2g − 1) = 1 if and only if P d,g is a geometric quotient, that is H d has only GIT-stable points (see [C1, Proposition 6 .2, Propostion 8.1]). Thus there are GIT-strictly semistable points in H g−1 . Consider q : H g−1 → P g−1,g . We argue that a twisted spin curve (X, L) which is not a stable spin curve is represented in H g−1 by a GIT-strictly semistable point such that q(X, L) ∈Ŝ g (Theorem 3.5) and q(X, L) = χ(ξ) ∈Ŝ g for a stable spin curve ξ. Equivalently if G is the line bundle appearing in ξ, then L and G are equivalent (see Definition 3.3).
Question 4.1. Let (X, L) be a twisted spin curve. Describe a stable spin curve ξ = (X ′ , G, α) such that L and G are equivalent.
In the sequel we will answer to the posed question for twisted spin curves arising from general smoothings. Notice that when the stable model of X in Question 4.1 has no nontrivial automorphisms, the stable spin curve ξ containing a line bundle equivalent to L is unique.
4.1. The geometry of the admissible twisters. Let X be a quasistable curve. From now on we will fix its decomposition X = ∪ 1≤i≤γ X i into irreducible components. Set
Let T ∈ T w(X) be a twister of X. For every X i ⊂ X we have
It follows from (4) that T naturally defines a 1−chain γ T ∈ C 1 (Γ X , Z) whose coefficient on the half edges 1 of the dual graph Γ X are the m ih .
Definition 4.2. γ T is said to be the 1-chain of T .
In the sequel we shall denote by
The geometry of the admissible twisters of a quasistable curve is given by the following Lemma 4.3. Let X be a quasistable curve and let T be a twister of X. The following properties are equivalent.
(ii) The coefficients of the 1−chain γ T ∈ C 1 (Γ X , Z) of T run over the set {−1, 0, 1}. If T is induced by a general smoothing we have also (iii) There exists a partition of X into subcurves Z 1 , . . . , Z dT such that
Proof. First of all it is easy to see that for any subcurve Z ⊂ X
For each component X i of X, we denote by v Xi the corresponding vertex in Γ X . Assume by contradiction that there exists p 1h ∈ X 1 such that m 1h ≤ −2. Consider the set of vertices V of Γ X such that v is in V if and only if
• there exists a chain of edges of Γ X connecting v and v X1
• the coefficients of γ T on each half edge of the chain run over {0, 1, −1}
• if we consider an edge e of the chain, then the coefficient of γ T of the half edge of e closer to v is either 0 or −1.
V is a proper subset of vertices of Γ X , because combining (5) and (6) with the condition m 1h ≤ −2, it is easy to see that the vertex of the component of X intersecting X 1 and containing p 1h is not in V.
Pick the proper subcurve Z V of X corresponding to V. Since T is admissible, it follows from (7) that |deg ZV T | ≤ k ZV . Hence by construction there exists a component X 2 = X 1 of X such that X 2 Z V and Z V ∩ X 2 = ∅ and such that there is p 2h ∈ X 2 with m 2h ≤ −2.
Iterating this argument and applying (6), one finds an infinite number of distinct components of X, yielding a contradiction.
Modulo tensoring by the trivial twister O f (nX) (n >> 0) of X we may assume that the minimum of the a i is 1 and the maximum is a positive integer
In this way we have Z 1 = ∅ and for every
Since T is admissible, using (7) we get deg Z1 T ≤ k Z1 and hence
If Z 1 = X then the twister is trivial and there is nothing to prove. Otherwise Z 2 = ∅ because from (ii) all the irreducible components of X intersecting Z 1 are in Z 2 . For every
Arguing as for (8) for the subcurve
2 ) − Z 1 . Iterating we get a partition satisfying (a) and (c) and from (ii) it satisfies also (b).
(iii) ⇒ (ii) Obvious form (c).
Definition 4.4. Let T be an admissible twister of a quasistable curve X and let γ T be its 1−chain. A node of X is said to be T-twisted if the half edges of Γ X corresponding to it appear with non trivial coefficient in γ T (and hence either 1 or −1 according to Lemma 4.3 (ii)).
4.2.
The refined partition of a quasistable curve. Let X be a quasistable curve and T an admissible twister of X induced by a general smoothing of X. Let Z 1 , . . . , Z dT be the partition of X induced by T (see Lemma 4.3(iii)). Let E 1 , . . . , E dT be respectively the union of the exceptional components of X contained in Z 1 , . . . , Z dT and consider the partition of X given by
Abusing notation denote by Z 1 , . . . , Z dT the first d T subcurves.
Definition 4.5. We call Z 1 , . . . , Z dT , E 1 , . . . , E dT the refined partition of X induced by T.
By definition deg E (ω X ⊗ T ) = 2 for every exceptional component of X. Therefore, if E ∩ E c = {p, q}, we have T ⊗ E ≃ O E (p + q) and every exceptional node of X is T −twisted.
In particular the subcurve Z h for h ≥ 2 in a refined partition is non-empty, otherwise the properties of Lemma 4.3 (iii) cannot hold for the original partition. Obviously if Z 1 = ∅ then E 1 = ∅ (see Lemma 4.3 (iii)(a)).
4.3. The stable spin curve in the equivalence class of a twisted spin curve. We answer Question 4.1 for general smoothings.
Theorem 4.6. Let X be a quasistable curve, f : X → B be a general smoothing of X and T = O f (D) be an admissible twister of X. Let Z 1 , . . . , Z dT , E 1 , . . . , E dT be the refined partition of X induced by T and (X, L) be a D−twisted spin curve.
A stable spin curve ξ = (X L , G L , α) of X which is equivalent to (X, L) is given by the following data (i) X L is obtained by blowing-up X at each non-exceptional T −twisted node
is given by gluing
Proof. It follows from Lemma 4.3 (iii) (c) that for every h = 1, . . . , d T such that Z h = ∅ there are line bundles R h ∈ Pic(Z h ) with
Let π : X L → X be the blow-up of X at each non-exceptional T −twisted node. Let E(π) be the set of exceptional components of X L contracted by π. Consider the following diagram
where b is a base change of order two totally ramified over 0 ∈ B and X L → B ′ is the smoothing of X L obtained by suitably blowing-up the fiber productX :
Notice that X L is smooth at each exceptional node of an exceptional component of E(π) and has an A 1 −singularity at the remaining nodes. We set E 01 := 0 (the zero divisor) and for h = 2, . .
By construction the pair (X L , G L ) satisfies (i) and (ii) of the Theorem. Since (9) says that G L and L are equivalent, in order to conclude it suffices to show that (X L , G L ) yields a stable spin curve. Let us check the last statement. By construction for every h = 1, . . . , d T such that Z h = ∅ and for every exceptional curve E of X L we have
We have to define an homomorphism α : (G L ) ⊗2 → π * (ω C ) satisfying the property of limit square root. SinceX is the disjoint union of the Z h , for every h we have a natural map
and the desired α is defined to agree with α h on each Z h and to be zero on the exceptional components of X.
Remark 4.7. The previous Theorem has also the following important interpretation. Let f : X → B be a general smoothing of X and T = O f (D) be an admissible twister of X. Let (X, L) be a D−twisted spin curve and ξ be the stable spin curve constructed in Theorem 4.6 which is equivalent to (X, L). It follows from the proof of Theorem 4.6 that there exists a representative (X L , G L , α) of ξ such that L and G L are limits of the same family of line bundles on a base change of order two of the family X → B totally ramified over 0 (see also below [CCC, Def. 5.1.4 
]).
Example 4.8. Let C = C 1 ∪ C 2 be a stable curve of genus g where C 1 , C 2 are smooth curves such that C 1 ∩ C 2 = {n 1 , n 2 }. If ν : C ν → C is the normalization, denote by {p, q} := ν −1 {n 1 , n 2 } ∩ C 1 . Notice that C belongs to the set of curves of Example 2.9.
Pick a general smoothing f : C → B of C. Consider the admissible divisor D := C 2 of C. The partition of X induced by D is given by Z 1 = C 1 and Z 2 = C 2 . The nodes n 1 , n 2 are D−twisted.
Pick line bundles R 1 ∈ Pic(C 1 ) and R 2 ∈ Pic(C 2 ) such that
′ ∈ Pic(C)) obtained by gluing R 1 (p + q) and R 2 (in the two possible ways) so that
(C, L) and (C, L ′ ) are not stable spin curves. The stable spin curve which is equivalent both to L and to L ′ (described in Proposition 4.6) is obtained by taking the blow-up X → C of C at the D−twisted nodes n 1 , n 2 and gluing R 1 and R 2 to O E (1) for every exceptional curve E of X.
The projective setup of theta hyperplanes
Let C be a canonical smooth curve of genus g. It is well-known that if C is general, then it has exactly N g := 2 g−1 (2 g − 1) odd theta characteristics and if L is one of these, then h 0 (C, L) = 1. Thus a general smooth canonical curve admits exactly N g hyperplanes cutting the double of a semicanonical divisor. In this case we say that C is theta generic and we can collect these hyperplanes (called theta hyperplanes) in a configuration θ(C) which is a point of
In [CS1] [C2] and [CS2] one can find many interesting properties of these objects. In particular the authors focused on the problem of recovering a smooth canonical theta generic curve from the datum of its theta hyperplanes. The main ingredient employed was the degeneration to the so-called split curves, that is stable curves which are the union of two rational smooth curves. Let W ⊂ P g−1 be a projective Gorenstein curve of arithmetic genus g. We shall say that
One can define configurations of theta hyperplanes for (possibly singular) canonical curves as follows. For g ≥ 3 consider the morphism
Now let W be a canonical curve. Pick a projective smoothing f : W → B of W whose general fiber is canonical and theta generic. Consider the associated morphism
The image of γ f lies in V. As B is smooth and P Ng projective, the composed morphism
extends to all of B and we get a configuration of hyperplanes θ f (W ). We can see it also as a (not necessarily reduced) hypersurface of degree N g whose irreducible components are hyperplanes. Moreover we can consider the B−curve
which is the closure of the incidence correspondence
We shall denote by J f (W ) its fiber over 0, which a priori depends on the chosen family f.
Definition 5.1. We call θ f (W ) the configuration of theta hyperplanes of W and J f (W ) the zero dimensional scheme of theta hyperplanes of W whose elements are theta hyperplanes of W . We say that W is theta generic if it has a finite number of theta hyperplanes.
5.1. The sections of a stable spin curve. Let C be a stable curve and let ξ = (X, G, α) be a stable spin curve of C supported on a blow-up π : X → C of C. Let E(X) be the set of the exceptional components of X. Recall that the subcurvẽ X of X is defined asX
The line bundle G is obtained by gluing theta characteristics on the connected components ofX to O E (1) for every E ∈ E(X). Let Z be any connected component ofX. Since for every E ∈ E(X) we have |E ∩ E c | = 2 and G| E = O E (1), then a non-trivial section of G| Z uniquely extends to a section of G vanishing on the other connected components ofX. Among these, take the sections of G restricting to independent sections of G| Z . It is easy to see that all these sections (for Z running over the connected components ofX) form a basis for H 0 (X, G) and therefore
Let Z 1 , · · · , Z dG be the connected components ofX to which G restricts to an odd theta characteristic. Then G is odd if and only if d G ≡ 1 (2).
Smoothing line bundles and sections.
Let W be a curve with nodes, cusps and tacnodes and let f : W → B be a smoothing of W.
(a) Since the fibers of f are local complete intersection, there exists a relative dualizing sheaf on W, which we shall denote by ω f (see [DM] and [Ht2] ). If W is smooth, then one can always define
where K W is the canonical line bundle of W. (b) Consider a Cartier divisor D of W whose support is contained in W and the line bundle ω f (D) ∈ Pic(W). The following fact is a topological property and its proof appeared in an early version of [CCC] . Let L ∈ Pic(W ) be a line bundle with an isomorphism ι 0 :
is another extension of (L, ι 0 ), then there exists an isomorphism χ : L → L ′ restricting to the identity and with ι = ι ′ • χ ⊗2 .
(c) Consider a line bundle L ∈ Pic(W). Assume that
. This is equivalent to the datum of the locally free sheaf
, the fiber of V over 0 ∈ B.
The case of a local complete intersection
We shall analyze configurations of theta hyperplanes of non-stable curves. We will find a sufficient condition for a curve to have a configuration of theta hyperplanes which does not depend on smoothing to theta generic curves. Then we write down explicit formulas for the reduced zero dimensional scheme of theta hyperplanes for nodal, cuspidal and tacnodal canonical curves.
Lemma 6.1. Let W be a theta generic canonical curve parameterized by a smooth point of H g . Then if f and f ′ are two smoothing of W to theta generic canonica curves, then θ f (W ) = θ f ′ (W ).
Proof. Let U ⊂ H g be the open set corresponding to theta generic curves on which H g is smooth and U ′ ⊂ U the open set of U corresponding to smooth curves. Let h 0 be the point of U parametrizing W. Consider the incidence variety
Let Γ U be the closure of Γ U ′ in U × P Ng and ρ be the projection
We observe that, since for every h ∈ U the curve W h is theta generic, the morphism ρ has always finite fibers. The morphism ρ is bijective on Γ U ′ , so it is a birational morphism. As U is smooth and Γ U is irreducible (since U ′ and hence Γ U ′ are irreducible) we can apply the Zariski Main Theorem obtaining that ρ is bijective everywhere.
We can uniquely define θ(W ) := ρ −1 (h 0 ).
We show that Lemma 6.1 works for theta generic l.c.i. canonical curves.
Proposition 6.2. Let W be a canonical l.c.i. curve parametrized by h ∈ H g . Then H g is smooth at h. In particular if W is also theta generic, there exists a natural configuration of theta hyperplanes θ(W ).
Proof. Let us show the first statement. Since W is l.c.i., if h 1 (N W/P g−1 ) = 0 then H g is smooth at h. Consider the exact sequence
with the exactness on the left because W is a l.c.i. curve (see [B, 4.1.3 
.i]). By taking Hom
Let N ′ W be the kernel of α and split the sequence into
By the long exact sequences in cohomology we get the two maps
From the Euler sequence of P g−1 restricted to W we have
Since β is injective, then h 1 (W, T P g−1 | W ) = 0. The second part follows from Lemma 6.1.
Enumerative results
In this section we shall deal with enumerative problems on theta hyperplanes. In particular we shall write down formulas for the number of theta hyperplanes of curves with nodes, cusps and tacnodes. In [C2, Prop.1, Prop.2] one can find formulas for nodes and cusps. We generalize these results including also tacnodal curves.
As in [C2] we shall use the projection of a canonical integral curve from a singular point. Each theta hyperplane containing the singular point projects to a theta hyperplane of the projected curve. If one projects from a tacnode, the tacnode projects to a node. If H is a theta hyperplane containing the tacnode, the projected theta hyperplane contains the node if and only if H contains the tacnodal tangent.
Definition 7.1. We say that a curve is semi-theta-generic (s.t.g.) if it is obtained by identifying general point of its normalization and the connected components of its normalization are thetageneric curves.
Remark 7.2. Actually we will see in Theorem 7.6 that an irreducible s.t.g. canonical curve with nodes, cusps and tacnodes is theta generic. Notation 7.3. Let g ≥ 3. In the sequel we shall denote by W g τ γδ an irreducible s.t.g. canonical curve with τ tacnodes, γ cusps and δ nodes of genus g and byg the genus of its normalization. Observe that a theta hyperplane contains no nodal and no cuspidal tangents (recall that a s.t.g. curve is obtained by identifying general points of its normalization).
We denote by t j ikh the number (when it is finite) of theta hyperplanes containing i tacnodes, j tacnodal tangents of these i tacnodes, k cusps and h nodes. We call such a hyperplane a theta hyperplanes of type (i, j, k, h). We call a theta hyperplane of type (0, 0, 0, 0) simply a theta hyperplane of type 0. We denote by θ 0 (W g τ γδ ) the set of the theta hyperplanes of type 0 and by t 0 their number (when it is finite).
Lemma 7.4. Let W be an irreducible s.t.g. curve with tacnodes, nodes and cusps. Let Y ⊂ W be an irreducible component of W and p 1 , . . . , p 2n general points of Y where n ≥ 1. Assume that every semicanonical line bundle of W has at most one section. If R is a semicanonical line bundle of W and M is a line bundle of W such that
Proof. Fix a semicanonical line bundle R of W and set 
It suffices to show that every irreducible component of U has a point outside V. In particular it suffices to show the existence of a fiber of ϕ with empty intersection with V. Let q be a general point of Y and consider 2nq ∈ Sym 2n Y s . It follows that
(hence with at most one section by hypothesis) and since q is general and n ≥ 1, we get
It follows that ϕ −1 (2nq) ∩ V = ∅ and we are done.
Lemma 7.5. Let W be an irreducible s.t.g. curve with tacnodes, nodes and cusps.
In particular W has a finite number of theta hyperplanes of type 0.
Proof. The proof is by induction on the (arithmetic) genus g of W, since if W has genus at most 1, then any theta chacteristic has at most one section. (i) If W has a node n, pick the normalization π : W ′ → W of W at n. Let p, q be the points of W ′ over n. Consider the line bundle R 1 := π * R satisfying the relation R
By induction every semicanonical line bundle of W
′ has at most one section and since W is s.t.g., the points p and q of W ′ are general. Hence we can apply Lemma 7.4 and then R 1 is non special. It follows that h 0 (R 1 ) = 1 (Riemann-Roch). From
where F n is a torsion sheaf supported on n, we get h
If W has a cusp c, consider the normalization π :
Recall that the genus of W is g − 1.
We show by induction that if R is a theta characteristic of W,
If R is an odd theta characteristic of W, then it follows from Proposition 1.2 that π * R = L(p) for an even theta characteristic L of W ′ and hence h 0 (L) = 0. Arguing as before we have h
If W has a tacnode t, consider the normalization π :
W is s.t.g. then p, q are general. Therefore h 0 (L(−p − q)) = 0 and h 0 (R) ≤ h 0 (π * R) = 2. Now if R is an odd theta characteristic of W, then it follows from Proposition 1.2 that π
) and p, q are general points, hence h 0 (π * R) = 2. It follows that h 0 (R) ≤ h 0 (π * R) = 2 and then h 0 (R) = 1 (R is odd).
(ii) If H is a theta hyperplane of type zero of W, consider the effective divisor D H given by the reduction modulo 2 of the divisor cut on W by H.
Since H is limit of theta hyperplanes of smooth curves and the parity of a semicanonical line bundle is stable under deformation, it follows that O W (D H ) is an odd theta characteristic of W. From (i) it follows that any odd theta characteristic of W has exactly one section. Hence we have a set injection
If R is an odd theta characteristic of W, let D be the only effective divisor of |R| and H be the theta hyperplane cutting 2D on W.
Assume that W has no tacnodes. Since a node or a cusp of W are not Cartier divisor, it follows that H is of type 0 and the injection is also a surjection.
Assume that W has a tacnode. We show that H contains no tacnodes of W. The only thing to check is that H does not contain a tacnodal tangent (in fact if H contains a tacnode without tangent, it cuts a divisor not divisible by 2 as Cartier divisor).
Assume that H contains a tacnodal tangent. The equation of the tacnode in an analytic coordinate system (x, y) of a smooth surface containing W is y 2 − x 4 = 0. The local equation of the divisor cut by H is given by y. If there exists f such that f 2 = y then f 4 = x 4 and hence f = cx for a constant c. Thus y = c 2 x 2 which cannot hold along the tacnodal singularity.
Below we shall give enumerative results for canonical curves with tacnodes, cusps and nodes. If i = j and h = δ
In particular W g τ γδ is theta generic. Proof. The proof is by induction on g. The formulas hold in genus 3 (see [CS1, 3.2] ).
First of all consider the case (i, j, k, h) = (0, 0, 0, 0). We project the curve from a singular point (since g ≥ 4 we can project at least one time). The number t 1, j, k, h ) .
Since δ + 1 = h andg is the genus of the normalization of both W g−1 τ −1,γ,δ+1 and W g τ γδ , by induction
.
If i = j and δ = h, we conclude by projecting from a tacnode if i = 0, from a node if i = 0 and h = 0 and from a cusp if i = h = 0. If i = j = 0 and δ = h, we project from a tacnode contained in the theta hyperplane, which contains its tacnodal tangent because i = j. We have
Being δ + 1 = h + 1 and observing that the parity of τ − i + γ − k is preserved, by induction
If i = j = 0 and δ = h, we conclude by projecting from a node if δ = 0 and from a cusp if δ = 0. Lemma 7.5 implies that the number of theta hyperplane of type 0 is |S − (W )| and we are done by Proposition 1.1.
The multiplicity of a theta hyperplane
We complete the description of the zero dimensional scheme of theta hyperplanes of irreducible canonical curves with cusps and tacnodes computing the multiplicities of its points. We shall use twisted spin curves of the stable reduction of a general smoothing of these non stable curves.
Lemma 8.1. Let W be a curve and denote by W ν its normalization. Let W → B be a general smoothing of W whose stable reduction C has central fiber C.
(i) Assume that W is an irreducible curve whose singularities are exactly γ cusps. Consider the base change b : B ′ → B of order 6 totally ramified over 0 ∈ B. Then C is a smooth B ′ −surface and the dual graph of C is (iii) Let W and W be as in (i) or (ii) and let f : C → B ′ be the stable reduction of W. Let F be the Cartier divisor of C which is the sum of the elliptic components F i with coefficients 1. Consider the fiber product h :
Proof. We follow [BPV, .1] and [HM, Example pag.122] . W is general, hence a smooth surface.
(i) Let W be the surface obtained by blowing-up W three times in correspondence of each cusp so that the reduced special fiber has normal crossings. Take a base change b 1 : B 1 → B of order 2 totally ramified over 0 ∈ B and the normalization W 1 of the fiber product W × b1 B. As explained in [HM] , W 1 is the double cover of W branched along the irreducible components of the special fiber of W appearing with odd multiplicities and it is a smooth surface because this branch divisor is smooth. Take the base change b 2 : B ′ → B 1 of order 3 totally ramified over 0 ∈ B 1 and the normalization C ′ of the fiber product W 1 × b2 B ′ . As before C ′ is the triple cover of W 1 ramified along the irreducible components of the special fiber appearing with multiplicities not divisible by 3. Then C ′ is a smooth surface because the branch divisor is smooth. The irreducible components of the special fiber of C ′ are γ elliptic curves, W ν and some (−1)-curves. The surface f : C → B ′ is obtained by contracting all the (−1)-curves contained in the special fiber.
(ii) The tacnodal case is similar combining two base changes of order 2 totally ramified over 0. (iii) Let C ′ be as in (i). By the universal property of the fiber products we have a
Since ϕ is birational and an isomorphism away from the special fibers, then ω f and ϕ * (ω h ) are isomorphic away from the special fiber C of C. Hence the two line bundles differ by a divisor of C supported on components of C. If ν : W ν → W is the normalization, then
and the divisor of C is exactly F and the relation (P B) follows.
Definition 8.2. The dual graphs of the previous Lemma are said to be respectively a cuspidal and tacnodal graph centered at W ν . The elliptic curves F are said to be elliptic tails.
Remark 8.3. (Elliptic normal singularities of surfaces appear)
Fix the notation of the previous Lemma. We describe the singularities of W ′ . By the description of the first order deformation of a cusp and a tacnode (see [HM, ]), we can write W around a cusp (respectively a tacnode) as v(y 2 − x 3 + th 1 (x, t)) ⊂ C 3 x,y,t (respectively v(y 2 − x 4 + th 2 (x, t) ⊂ C 3 x,y,t ) where h 1 and h 2 are analytic functions in x and t such that h 1 (0, 0), h 2 (0, 0) = 0 (recall that W is a smooth surface) and the fibration is over t. Since W ′ is a base change of order 6 (respectively 4), locally it is given by v(y 2 − x 3 + t 6 h 1 (x, t 6 )) (respectively v(y 2 − x 4 + t 4 h 2 (x, t 4 )). These singularity is analytically equivalent to v(y 2 − x 3 + t 6 ) (respectively v(y 2 + x 4 − t 4 ) and it is well know to be an elliptic normal singularity of surface (see [W, 6 .2 and Corollary pag. 449]). We can consider the canonical desingularization (W ′ ) can of W ′ , as explained in [BPV] . It is easy to see that C is obtained by contracting the (−1)-curves of (W ′ ) can contained in the special fiber. In the tacnodal case, (W ′ ) can and C coincide. For every admissible D we have a rational B ′ −map
which is an isomorphism away from the central fiber. Obviously µ D is defined at smooth points of the central fiber. Since S ν f is smooth we get a natural morphism
. Now we are equipped to compute the multiplicities of the theta hyperplanes. Let us start with some extamples.
Example 8.4. (The "characteristic numbers" of theta hyperplanes) We shall see that the multiplicities of a theta hyperplane containing exactly one cusp is 3, containing exactly one tacnode without the tacnodal tangent is 4 and containing a tacnodal tangent is 6. Below we give a motivation for these "characteristic numbers", referrring to the proof of Theorem 8.7 and Theorem 8.8 for details.
Let W be a curve whose singularities are cusps (respectively tacnodes). Consider a general smoothing W → B of W to theta generic curves and its stable reduction f : C → B ′ over a base change B ′ of order 6 (respectively 4) totally ramified over 0 ∈ B (see Lemma 8.1). If C is the central fiber of C, we know that there exists a morphism ϕ : C → W contracting the elliptic tails of C (see Lemma 8.1 (3)).
The multiplicities of the theta hyperplenes of W will be determined by the description of the above morphism (11) 
(a) W has exactly 1 cusp C is a curve of compact type with two components, F elliptic and W ν of genus g − 1. The stable spin curves of C are supported on the blow-up of C at its node (see Example 2.8).
• If we glue an even theta characteristic of W ν and the odd theta characteristic of F to O E (1) (E is the exceptional component), we will find a hyperplane (via ψ) of type zero of multiplicity is 1.
• If we glue an odd theta characteristic of W ν and a fixed even theta characteristic of F to O E (1), we will find a hyperlane containing the cusp. The morphism ϕ : C → W contracts F and the hyperplane does not change if we vary the 3 even theta characteristics of F and 3 is its multiplicity.
(b) W has exactly 1 tacnode C is a curve with two components, F of genus 1 and W ν of genus g − 2 and F ∩ W ν are two nodes. We shall denote by S − C the zero dimensional scheme which is the fiber of S − ω f → B ′ over 0. We distinguish three types of stable spin curves of C (see Example 2.9).
• If the odd stable spin curve ξ is supported on the blow-up of C at the two nodes and is obtained by gluing any even theta characteristic of F and an odd theta characteristic of W ν to O E (1) (for E running over the set of exceptional components), we will find (via ψ) a hyperplane containing the tacnodal tangent. Again ϕ : C → W contracts F. Since F has 3 even theta characteristics and ξ has multiplicity 2 in S − C , the hyperplane has multiplicity 6.
• If the odd stable spin curve ξ is supported on the blow-up of C at the two nodes and is given by gluing an odd theta characteristic of F and an even theta characteristic of
(it has multiplicity 2 in S − C , see the below Lemma 8.6) and hence there are two points in S ν f over ξ. We will find (via ψ) two different hyperplanes of type zero having multiplicity 1.
• If the odd stable spin curve ξ is supported on C, we will find a hyperlane containing the tacnode without the tacnodal tangent. Call {p, q} := F ∩ F c . The hyperplane does not change if we change 4 restrictions of ξ to F. The multiplicity of the hyperplane is 4.
Example 8.5. (Idea of proof of Theorem 8.7) Let W be a irreducible s.t.g. curve of genus g with exactly 3 tacnodes t 1 , t 2 , t 3 and W ν be its normalization. Let W → B be a general smoothing of W to theta generic smooth curves and C → B ′ be its stable reduction (see Lemma 8.1). The special fiber C of C has 3 elliptic tails F 1 , F 2 , F 3 and a tacnodal dual graph centered at
We describe the multiplicity of a theta hyperplane of type (2, 1) containing t 1 , t 2 and the tacnodal tangent of t 1 .
• First Step: from stable spin curves to twisted spin curves Consider the rational maps (10) µ D :
where X is the blow-up of C at all of its nodes except F 2 ∩ F c 2 . Assume that G ∈ Pic(X) restricts to an even theta characteristic R 1 of F 1 , to O F3 and to the theta characteristic R of W ν ∪ F 2 . The graph Σ X (obtained from the dual graph of C by contracting the edges representing nodes which are not blown-up) is as shown below.
We are able to prove (see Lemma 8.6) that ξ is a singular point of S In order to find the images of the points of this set via ψ, it suffices to find the images of the 4 smooth points (C, L) of S ND via µ D .
• Second Step: the behaviour of the smoothable sections of
. . , L 4 has exactly one f −smoothable section because, by the assumption on W, the curves approaching C are theta generic and hence h 0 (L i | C b ) = 1 for 0 = b ∈ B ′ . We will be able to prove that these f −smoothable sections • identically vanish on F 1 • vanish on a point of F 2 • are non-zero constants on F 3 • vanish on g − 4 smooth points of C on W ν (the number depend by the chosen blow-up X of C).
The theta hyperlanes associated to L 1 , L 2 , L 3 , L 4 contain the tacnodal tangent of t 1 , the tacnode t 2 without its tacnodal tangent and do not contain t 3 .
• Third
Step: the partition of L 1 , L 2 , L 3 , L 4 induced by the smoothable sections Using Theorem 4.6 we see that the line bundles L ∈ Pic C are obtained by gluing (with 4 suitable gluings) R(n 11 + n 12 + n 31 + n 32 ) ∈ Pic(W ν ∪ F 2 )
It is convenient to display the 4 line bundles L in a table as follows.
obtained by gluing (with the same gluing data of the line bundles L at the corresponding nodes)
Display all the line bundles in a table
following the rule that each L is obtained by gluing the K of the corresponding row (resp. the M of the corresponding column) at the nodes F 1 ∩ F c 1 (resp. at the nodes F 3 ∩ F c 3 ). One can prove that there are exactly 2 distinct sections each one of which is the smoothable section of the line bundles L of a row of the table. Thus the images of L 1 , L 2 , L 3 , L 4 via µ D are exactly 2 distinct theta hyperplanes, one for each row of the table and we get a contribution of 2 to the multiplicity.
• Fourth Step: the calculation of the multiplicity If we change ξ by changing the even theta characteristics of F 1 (among the 3 possible ones) and 4 restrictions of ξ to F 2 , we don't change the theta hyperplanes. We get a multiplicity 2 · 3 · 4 = 6 · 4 for the theta hyperplane of type (2, 1) (see Theorem 8.7).
Lemma 8.6. Let C → B be a general smoothing of a stable curve C with a tacnodal dual graph. Consider the variety S Proof. Assume that C has 2τ nodes and let F 1 , . . . F τ be the elliptic curves of C (see the notation of Lemma 8.1). Assume that the nodes F h ∩ F c h for 1 ≤ h ≤ m are blown-up in X → C. Notice that m = b 1 (Σ X ). Denote by t 2h , t 2h−1 the coordinates of D C (recall that D C is the base of the universal deformation of C) such that {t 2h = 0} and {t 2h−1 = 0} are the loci preserving the nodes in F h ∩ F c h . Let D t be the space of the coordinates t 2h , t 2h−1 for 1 ≤ h ≤ m and write
Consider the arc A in D C corresponding (up to restrict B) to the smoothing C → B. We proceed as in the proof of [M, Theorem 2.6 ]. The implicit function theorem allows us to describe A, for some 1 ≤ i ≤ 3g − 3, as
where, h j are analytic functions such that h j (0) ∈ C * for j = 1, . . . , 2m (C is smooth).
Consider as usual
The local picture of S − ω f at ξ is given by U ξ /Aut(ξ) where U ξ = D ξ × DC A (see (2) below Theorem 2.6). It suffices to show that ρ −1 (A)/Aut(ξ) has 2 m branches.
We find how Aut(ξ) acts on D ξ . It is easy to see that the image of the coboundary map which is a singular point with 2 m branches.
Theorem 8.7. Let W be an irreducible s.g.t. canonical curve whose singular points are only tacnodes. Then the multiplicity of a theta hyperplane of type (i, j) is 4 i−j 6 j .
Proof. Let t 1 , . . . , t τ be the tacnodes of W. Let W → B be a projective general smoothing of W to theta generic smooth curves and let f : C → B ′ be its stable reduction. In the sequel we shall maintain the notations of Lemma 8.1. We know that the special fiber C of C has a tacnodal dual graph centered at W ν . Denote by {n h1 , n h2 } :
Step: the reduction to twisted spin curves . This setup will allow us to describe the map ψ and the scheme structure of the fiber of J W ′ over 0 ∈ B ′ .
Let ξ ∈ S − ω f be a stable odd spin curve supported on the blow-up X of C and pick a representative (X, G, α) of ξ. Assume that the nodes which are blown-up to get X (for i, j such that 1 ≤ j ≤ i ≤ τ ) are {n h1 , n h2 } for h = 1, . . . , j and h = i + 1, . . . , τ (see Example 2.9).
Let A X be the graph associated to X (obtained from Γ C by contracting the edges corresponding to the nodes which are not blown-up to get X). Then A X = Σ X and is as shown below (there are loops from F 1 to F j and from F i+1 to F τ ).
In the first three Steps, ξ will be fixed. Assume that R 1 , . . . , R j are even theta characteristics respectively of F 1 , . . . , F j and R is a theta characteristic of W ν ∪ F j+1 · · · ∪ F i so that G has the following restrictions to the non-exceptional components of X
In order to describe the map ψ we choose another representative in the equivalence class of ξ as follows. Define the Cartier divisor of C (which is a smooth surface, see Lemma 8.1)
It is an admissible divisor of C (see Lemma 4.3). The line bundle G is equivalent to a line bundle L ∈ Pic(C) of a D−twisted spin curve (C, L) if L is obtained by gluing line bundles (with suitable gluings) in such a way that (see Theorem 4.6 and the notation of Definition 3.2)
We have b 1 (Σ X ) = τ − i + j and then 2 τ −i+j gluings giving rise to 2 τ −i+j different line bundles L. If L is one of such line bundles, then it follows from Theorem 4.6 and Remark 4.7 that there exists a representative (X, G, α) of ξ such that L and G are limits of the same family of line bundles on a base change of order two of f : C → B ′ totally ramified over 0. Hence ξ and (C, L) are the same
It follows from Lemma 8.6 that the point ξ of S − ω f has 2 τ −i+j branches and then
if and only if L runs over the set of the above 2 τ −i+j line bundles. Furthermore
In order to find the image of the points of S ν f over ξ (with representative (X, G, α)), it suffices to find the images via the morphism µ D of the above D−twisted spin curves (C, L) (recall that (C, L) is a smooth point of S − ND because it is supported on C).
• Second Step: the behaviour of the smoothable sections of the line bundles L Let (C, L) be a D−twisted spin curve which is equivalent to ξ = (X, G, α). Set ι : L ⊗2 ≃ ω f (D) and pick the line bundle L smoothing (L, ι) (see 5.2). Since f : C → B ′ is a smoothing to theta generic curves, there exists a unique f −smoothable section of L| C = L. We want to characterize its behavior on the irreducible components of C.
Recall Claim: one can construct 2 τ −i+j line bundles P 1 , P 2 · · · in Pic(W 1 ) such that 1 = h 0 (P 1 ) = h 0 (P 2 ) = · · · and such that {π * P 1 , π * P 2 · · · } is exactly the set of line bundles L.
Below we shall prove the claim. Consider the theta characteristic R of
Step). Since the starting stable spin curve ξ = (X, G, α) is odd and the restrictions of G are even on F 1 , . . . , F j and odd on F i+1 , . . . , F τ , it follows that R is odd (respectively even) if and only if τ − i is even (respectively odd) (see 5.1).
It follows from Proposition 1.2 that R( i<h≤τ (n h1 + n h2 )) induces 2 τ −i odd theta characteristics P ′ 1 , P ′ 2 · · · on W 2 and since W is s.t.g. it is easy to see that
Let P ′ be one of these line bundles. Consider the Cartier divisor D ′ := 1≤h≤j F h of the total space W 1 of the family h 1 : W 1 → B ′ . We construct the 2 τ +j−i line bundles P 1 , P 2 · · · by gluing
with suitable gluing data so that
Pick one P and the unique line bundle P ∈ Pic(W 1 ) such that P ⊗2 = ω h1 (D ′ ) and P| W1 = P. Recall that π : C → W 1 is birational. Arguing as for the relation (P B) of Lemma 8.1
It follows that π * P is one of the line bundles L. Assume by contradiction that two distinct
Since π is a birational morphism which is an isomorphism away from the special fiber and the degree of the restrictions of P 1 and P 2 to the irreducible components of W 1 are equal, we would have the contradiction
Thus {π * P 1 , π * P 2 , · · · } is exactly the set of line bundles L and the claim is done.
For each P we have h 0 (P ) = 1, then the unique section s P of P is h 1 −smoothable (recall that h 1 is the family h 1 : W 1 → B ′ ). The f −smoothable section of π * P is given by π * s P . The behavior of π * s P is given by looking at s P and hence by construction . . , l g−i−j−1 } P on smooth points of C on W ν (which are zeroes of the section of the theta characteristic P ′ of W 2 corresponding to P ).
The theta hyperplane µ D (C, π * P ) contains the tacnodal tangent of t 1 , . . . , t j , the tacnodes t j+1 , . . . , t i without tacnodal tangents and cut the smooth points {l 1 , . . . , l g−i−j−1 } P of W.
• Third Step: the partition induced by the smoothable sections It is convenient to enumerate and display in a table the set of 2 τ +j−i line bundles L as follows. Consider the line bundles
obtained by gluing (with the same gluing data of the L at the corresponding nodes) the following line bundles 
Display the 2 τ −i+j line bundles L in the table Table 1 following the rule that each line bundle L is obtained by gluing the line bundle K (respectively M ) of the corresponding row (respectively column) at the nodes n h1 , n h2 for 1 ≤ h ≤ j (respectively for i < h ≤ τ ).
Notice that the line bundles of each row (respectively column) have the same gluing data at n h1 , n h2 for i < h ≤ τ (respectively for 1 ≤ h ≤ j).
Consider the set {s P1 , s P2 . . . } of the 2 τ −i+j smoothable sections of the line bundles P. Notice that if P | W2 = P ′ ( 1≤h≤j (n h1 + n h2 )) then the section of H 0 (W 1 , P ) is the one restricting to the section of H 0 (W 2 , P | W2 ) vanishing on n h1 , n h2 for 1 ≤ h ≤ j and vanishing on F h for 1 ≤ h ≤ j. Therefore there are exactly 2 τ −i distinct sections of type s P h each one of which appears 2 j times. Call s 1 , . . . , s 2 τ −i the distinct sections. Their pull-backs induce a partition of the set of the line bundles L and hence a partition of the 
vanishing on the first 2j nodes. The line bundles M (previously constructed and appearing in Table 1 ) are not effective on F 1 , . . . , F j , then s ′ 1 descends to a section of each M.
Recall that the line bundles L on the same row of Table 1 have the same gluing data at n h1 , n h2 for i < h ≤ τ. Thus in order to conclude this step it suffices to show that s ′ 1 respects one and only one gluing datum at these τ − i nodes (descending to a section of each line bundle of a row of Table 1 ).
Let D(C) be the group of the spin gluing data of C. Since we are gluing fixed line bundles on the irreducible components of C, we can use the description of D(C) given in Section 1. Consider
′ ∈ D(C) be two spin gluing data such that, for a fixed index h with i < h ≤ τ, the generator d h appear in d and not in d ′ . Assume that s ′ 1 respects d (descending to a section s 1 of some L). We have seen that s 1 is a non zero constant on F h (recall that L| F h = O F h ) and hence it cannot respect d ′ (which gives the opposite identification of d at the node n h1 and the same identification at n h2 ). We conclude that π * s 1 is a smoothable section for each line bundle of one row of Table 1.
• Fourth step: the calculation of the multiplicities
In the above First Step we produced 2 τ −i+j line bundles L from a fixed stable spin ξ and each (C, L) is a D−twisted spin curve having multiplicity 1 in the fiber of S ν f → B ′ over 0. It follows from the conclusion of the above Second Step that if P is the unique line bundle of
is given by the span of the tacnodal tangents of t 1 , . . . , t j , the tacnodes t j+1 , . . . , t i and the smooth points {l 1 , . . . , l g−i−j−1 } P .
The above Third
Step implies that
to the same row of Table 1 and we get 2 j of such twisted spin curves. If we vary (C, L) by gluing any one of the 3 even theta characteristics of F h for 1 ≤ h ≤ j we do not change the corresponding theta hyperplanes and we get 3 j of such twisted spin curves. Moreover we shall see in Proposition 9.4 that any elliptic component F h of C admits an automorphism fixing F c h and exchanging any two of the four square roots of O F h (n h1 + n h2 ) for j < h ≤ i. Using this it is easy too see that there is a partition of the D−twisted spin curves in sets of 4 i−j elements identifying via µ D . Furthermore if we consider any other D−twisted spin curve, we obtain a different theta hyperplane and hence we can conclude that each theta hyperplane of type (i, j) has multiplicity 2 j 3 j 4 i−j = 6 j 4 i−j .
Below we shall deal with the easier case of cuspidal singularities.
Theorem 8.8. Let W be an irreducible s.t.g. canonical curve whose singular points are only cusps. Then the multiplicity of a theta hyperplane of type k is 3 k .
Proof. Let c 1 , . . . , c γ be the cusps of W. Let W → B be a general projective smoothing of W to theta generic smooth curves and f : C → B ′ be its stable reduction with central fiber C. In the sequel we shall maintain the notations of Lemma 8.1. Denote by n h := F h ∩ F It is supported on the blow-up X of C at all of its nodes (see Example 2.8). Assume that R 1 , . . . , R k are even theta characteristics respectively of F 1 . . . , F k and R is a theta characteristic of W ν so that G has the following restrictions to the irreducible non-exceptional components of X
It follows from Proposition 4.6 that G is equivalent to L ∈ Pic(C) for a D−twisted spin curve (C, L) if L is obtained by gluing the following restrictions to the irreducible components of C (notice that there is only one gluing since C is of compact type)
As in the tacnodal case this means that ν We conclude that each theta hyperplane of type k has multiplicity 3 k .
Arguing as in the proofs of the previous two theorems we have Theorem 8.9. Let W be an irreducible s.t.g. canonical curve whose singular points are tacnodes and cusps. Then the multiplicity of a theta hyperplane of type (i, j, k) is 4 i−j 6 j 3 k .
Spin structures over non stable curves and twisted spin curves
In the sequel we shall consider curves whose singularities are only tacnodes or cusps, though it is evident how to proceed in the mixed case. First of all we describe the elliptic tails arising from the stable reduction of a general smoothing of a cuspidal and tacnodal projective curve.
• The elliptic curve F of the elliptic surface singularity y 2 − x 3 + t 6 = 0 (respectively of y 2 − x 4 + t 4 = 0) has j−invariant j(F ) = 0 (respectively j(F ) = 1728).
In fact it is easy to check that F is the double cover ψ : F → P 1 branched over 0, 1, ∞, −ω, where ω 3 = 1 (resp. branched over 0, 1, ∞, −1).
Let W be a tacnodal curve as in Lemma 8.1. Let F be an elliptic tail as above, i.e. arising from the stable reduction C of a general smoothing of W. It is easy to see that F admits a non-trivial involution ψ fixing the ramifications points over 0, ∞ and exchanging the ones over 1, −1 and that the points F ∩ F c lie over 0, ∞. Thus if τ is the involution of F exchanging the sheets we have (12) Aut W C ⊇< ψ, τ >≃ µ 2 2 .
Definition 9.1. Let W be an irreducible curve with cusps and tacnodes. Fix a general projective smoothing W of W. Let s be a cusp (resp. a tacnode) of W. The cuspidal (resp. tacnodal) blow-up of W at s with respect to W is the curve C which is the central fiber of the stable reduction of W at s. The elliptic tails of C are said to be elliptic exceptional components.
9.1. The prototype of a tacnodal blow-up. One can find the explicit equation of a tacnodal blow-up by applying the canonical desingularization of the elliptic surface singularity y 2 − x 4 + t 4 = 0. A similar construction works also for the cuspidal blow-up. Consider the blow-up Z ⊂ C which is the union of two smooth curves. F is an elliptic curve, because it is the double cover of v(x) ⊂C 2 x,t ramified over four points (x, t, s h ) = (0, 0, i h ) ∈ v(x) for h = 1, . . . , 4. It is easy to check that j(F ) = 1728.
Definition 9.2. Let W be an irreducible projective curve whose singularities are only cusps. Fix a general projective smoothing W of W.
A cuspidal spin curve on W with respect to W is a triple (C, T, L), where • C is the cuspidal blow-up of W at all of its cusps with respect to W • if f is the stable reduction of W, then T is the twister T ∈ T w f (C) induced by the (admissible) divisor which is the sum with coefficient 1 of all the exceptional elliptic tails • L is a square root of ω C ⊗ T.
Definition 9.3. Let W be an irreducible projective curve whose singularities are only tacnodes. Fix a general projective smoothing W of W .
A tacnodal spin curve on W with respect to W is a triple (C, T, L), where • C is the tacnodal blow-up of W at all of its tacnodes with respect to W • if f is the stable reduction of W, then T is a twister T ∈ T w f (C) induced by an (admissible) divisor which is the sum with coefficient 1 of some exceptional elliptic tails • L is a square root of ω C ⊗ T.
Notice that if (C, T, L) is a tacnodal spin curve and F is an elliptic exceptional component not contained in the divisor inducing T with {p, q} := F ∩ F c , then L| F is a square root of O F (p + q).
Proposition 9.4. Let W be an irreducible curve with a tacnode t. Let C be a tacnodal blow-up of W at t with exceptional elliptic component F. Set F ∩ F c = {p, q}. If G 1 and G 2 are square roots of O F (p + q), there exists σ in Aut W C such that σ * G 1 ≃ G 2 .
Proof. We know from (12) We collect the main differences among spin curves in a Table 2 We sum-up our results. Recall the definition of J W at the beginning of Section 5.
Theorem 9.5. Let W be an irreducible s.t.g. canonical curve of genus g whose singular points are either only cusps or only tacnodes. Let f : W → B be a projective smoothing of W to theta generic curves. Then J W is a compactification of J W * ≃ S − ω * f whose boundary points do not depend on the chosen family.
The boundary points of J W correspond to spin curves of W with respect to a fixed general projective smoothing of W. Denote by (C, T, L) such a spin curve of W.
Let W be cuspidal and W ν , F 1 , . . . , F γ be the irreducible components of C. Then (C, T, L) and (C, T, L ′ ) are identified in J W if and only if • if F 1 is the union of the elliptic exceptional components of C to which L, L ′ restrict to the trivial bundle and F 2 is the union of the elliptic exceptional components of C not contained in the support of the divisor inducing T, then there is an automorphism σ ∈ Aut W C ∩ Aut (F 2 
